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ABSTRACT 
We discuss the butterfly-shaped region M, in the complex plane which is defined 
as the set of all the roots of all normalized Cauchy polynomials of degree n. Besides 
the geometric structure, e.g. that the set M, \ { 1) is star-shaped with respect to the 
origin, some results concerning the boundary of M, are presented. 
In this paper we want to give some results concerning the set M, of all 
complex numbers .z which have the property that Z” is a convex combination 
of 1, z,..., zn-l where n EN, n > 2. A number z therefore belongs to M, iff 
there exist real numbers 
with 
a,,a l,...,a,-l 
a,20 for v=O,l,..., n-l, (1) 
and 
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such that 
holds. 
(2) 
The polynomial on the left-hand side of equation (2) is called a (normal- 
ized) Cauchy polynomial. Its companion matrix is row-stochastic. From this 
point of view our problem is similar to the question of computing all the 
eigenvalues of all row-stochastic matrices of order n, first posed by Kolmogoroff 
(see [l-3]). 
Johnson, Kellogg, and Stephens [5] have considered the set of all eigenval- 
ues of all row-stochastic matrices with prescribed digraph, in other words the 
set of all eigenvalues of all row-stochastic matrices A = (uik) with aik = 0 (at 
least) for a certain fixed set of index pairs (i, k), if k. They determine these 
sets for certain special digraphs. Of course the companion matrices form a 
convex subset of one of these classes. 
Our first simple remarks about M, are contained in 
THEOREM 1. 
(1) The set M, is a closed subset of the closed unit circle 
B={zEC~z~~l}. 
(2) The only real positive number belonging to M, is the number 1. 
(3) The real interval [ - l,O] is contained in M,. 
(4) The intersection of M, and the boundary of B consists of all those 
roots of unity whose order is at most n. 
Proof. Let z be a complex number with the property that Z” does not 
belong to the convex hull of the points 
1 ) z,..., z”-l 
Then every point c in a suitable neighborhood of z does not belong to the 
convex hull of the points 
l,{,...,[“_’ 
either. Therefore the complement of M, with respect to the z-plane is an open 
set. 
For any z EM, we conclude from (1) and (2) the inequality 
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hence 
and we have 
M, cB. 
Obviously the number 1 belongs to M,. 
Let z= x be real with 
O<x<l. 
Then 
for any set of numbers a, satisfying (1). It follows that 
Now let z = x be real with 
Then 
-1<xao. 
x” =a”_lXn-l +a,_,x”-2 
with 
We may define 
an-2 = -x, an-1 =1+x. 
a, =0 for v=O,l,..., n-3. 
Then the conditions (1) are satisfied, and we have proved 
XEM,. 
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For a number ZEM, with 
let 
z=eiq, cp real. 
Equation (2) then leads to 
Obviously there is at least one subscript v=p with 
a,#O. 
Because of (1) we conclude 
cos(n-p)cp=l 
and for the argument ‘p of z we have, 
2kr 
‘p=- 
n-p 
=2,$ 
with p E B, o E N, 1 G r~ G n. Conversely, any root of unity 
with p E Z, 9 EN, 1 G 9 G n belongs to M, because of the equation 
t” =zn--9. n 
We will prove in Theorem 3 that the number 1 not only is separated from 
the other points of M, on the real line but is an isolated point of M,. 
Let 
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THEOREM 2. The set MA consists of all complex numbers z for which 
there exist real numbers 
b Y’ v=O,l,..., n-2, 
satisfying 
(3) 
such that 
n-2 
zn-l+ x b/=0. 
v=O 
(4) 
Proof. Since z= 1 is always a root of any normalized Cauchy polynomial, 
we factorize this polynomial as follows: 
n-l 
2"- 2 a,z’=(z-1) 
lJ=O 
Then 
a0 =b, “0, 
a,=b,-b,, “0, 
a,=bz--b,aO, 
an_2=b,,_2-b,,-3 20, 
an_l=l-bn_2 “0, 
which yields the proposition. 
THEOREM 3. Let ZEM,, z#O and 
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Then we have 
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z= 1. 
Proof. We proceed by way of contradiction and assume zf 1. Then 
there are numbers satisfying (3) and (4). We put 
with r>O and 
Equation (4) gives for the imaginary part the relation 
r”-‘sin(n-l)g,+ 2 b,r’sinY~=O. (5) 
All the sin expressions in (5) are positive for 
o-p-+-$ 
Therefore all the b,, have to be zero. This contradicts the assumptions. If 
again all the coefficients have to vanish, which contradicts z#O. The same 
conclusions hold for the respective negative values of ‘p. n 
THEOREM 4. The set MA is star-shaped with respect to the origin. 
Proof. Let z E ML. Again we apply Theorem 2 and put 
z=reip, r>O. 
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Then there are numbers b,, satisfying (3) such that 
n-2 
rn-lei(n-l)v + x bvrveiW =o 
v=o 
holds. Let [ be another complex number with the same argument, 
{=peicp, O<p<r. 
Equation (6) leads to 
n-2 
P 
n-lei(n-l)fq + 
2 I;,pvei"p =O, 
v=o 
where 
for v=O,l,..., n-2. 
The new coefficients & satisfy the conditions (3): 
E;, >o, 
E;,= p “-l-” 
( 1 
n-l-(v+l) 
r 
b,G( 5) bv+l=dv+l, v=O,l,..., n-3, 
and 
Gn_2 = $b,_, < 1 
Therefore 
(6) 
(7) 
REMARK. Obviously the inclusion 
M” CM,+1 
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holds for all n. A number z E M, may have different representations of Z” as a 
convex combination of the powers 
1, i ,..., z”-l* 
We call the number of nonvanishing coefficients a, in a representation 
(8) 
where the a, satisfy (l), the length of the convex combination (8). Since we 
are in the plane, there exists for every ZEM, a convex combination (8) of 
length at most 3. The shortest possible length is called the minimal length of 
z. Obviously, every ZE M, with minimal length 1 is a root of unity and 
therefore belongs to the boundary of M,. 
THEOREM 5. Let zE M, have a representation for z” of length 3, 
precisely 
zn =az” +pzn2 +yz-, 
with 
cy>o, p>o, y>o, a+p+y=1, 
where 
OGn,<n,<n,<n. 
Assume furthermore that the numbers 
are not collinear. Then z is an interior point of M,. 
Proof. The number z possesses the property that its nth power Z” 
belongs to the interior of the nondegenerate triangle, formed by the points 
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89 
are stll not collinear. Such a number { again has the property that its nth 
power $4 belongs to the interior of the nondegenerate triangle formed by the 
points 
Hence [? can be represented by these numbers: 
where the barycentric coordinates di, B, 7 are positive. It follows that z is an 
interior point of M,. n 
THEOREM 6. Let z E M, have minimal length 3. 
point of M,. 
Then 2 is an interior 
Proof. There exist powers of z, 
Z”‘, znz, Z”” 
with 
such that 
with 
OGnl <n2 <n3<n, 
Z” =a,Z” +pdQ +yzn3 
a>o, p>o, y>o, cy+p+y=1. 
According to Theorem 5 it suffices to show that these powers are not 
collinear. They are mutually ‘different, because, e.g., .< 
.z”2 GZ”’ 
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would imply 
which is a representation of length 1. 
We proceed by way of contradiction again: Let the mutually different 
points be collinear. Then one of them is a proper convex combination of the 
others, e.g. 
where 
It follows that 
a>O, b>O, a+b=l. 
~“=(~(uz”~+bz”:~)+~z”~+yz”~ 
with 
aa+p>o, ab+y>O, (cYa+@+(cub+y)=l. 
This contradicts the assumption that z has minimal length 3. n 
Points on the boundary of M, which are of modulus less than 1 have to 
have minimal length 2. The converse is not true generally speaking: There are 
for nk4 points of minimal length 2 belonging to the interior of M,. AU points 
z=iy, yred O<lyl<l, 
satisfy, for n 3 4, with the parameter T = y ‘, the relation 
z” =(1-7)Zn--2+TZn--4. 
On the other hand, with the three noncollinear points 
Zn-l n-3 ,z ,c4 
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we have 
a=y4, p=y2(1-y2), y=l-ys. 
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Therefore, according to Theorem 4, all these z’s are interior points of M,. 
To characterize the boundary of MA one would have to compute for given 
argument ‘p with 
77 -<qs27y-5 
n-l 
the maximum of all real numbers 
which have the property that the complex number 
is a point of Mh. For 
p E Z, o EN, 1 =G Q d n, and only for those arguments, this maximum value is 
equal to one. 
Therefore the arcs connecting successive roots of unity of order at most n 
are of interest. They can be given implicitly (at least piecewise) by algebraic 
equations depending on a real parameter r E [0, 11. We describe these equa- 
tions later on for n=3,4,5,6,7. 
Because z=O is a boundary point, we now investigate explicitly the 
remaining part of the boundary of ML for arguments QJ with 
7T 2m -< <- 
n-l ’ n’ 
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Since the set M, is symmetric with respect to the real axis, this describes all 
boundary points of Mh within 
LEMMA. For any angle ‘p with 
lT 2l7 
- Ccp<- 
n-l n 
there exists a complex number z E M, with 
arg z=cp 
which has minimal length 2. 
(9) 
Proof For given q satisfying (9) we look for a number r, 0 < r < 1, such 
that the polynomial h(r) defined by 
h(r)=r”sincp-rsinncp+sin(n-1)cp 
vanishes. We have 
h(O)=sin(n-l)q<O 
and 
h(l)=(l-cosnq,)sincp-(l-coscp)sinncp>O. 
Furthermore 
h’(r)=nr”-‘sincp-sinncp>O. 
Therefore there exists in (0,l) a unique P with 
h(P)=O. 
We define 
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and 
P”-‘sincp 
7= 
P”-‘sincp-sinncp ’ 
which obviously satisfies 
0<7< 1. 
Then the relation 
z” =(l--7)zn-1+7 
holds, which proves the lemma. 
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THEOREM 7. Let zEMA and 
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Then (10) is the only representation of z” as a convex combination of the 
powers 
1,z )...) .2*-l. 
Proof. Let z E ML satisfying (10) with some T with 
0<7<1. 
If z yields a representation 
where the a, satisfy (l), then 
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where 
H,=Im( _“rLTl), v=1,2 ,..., n-2. 
According to (10) we have the relation 
H, =Im( -I,;:y+J +H,+l 
4m( ;:,“J +H,+1 
=7Im z’-“+l +H,+, 
= -7.r Y-“+l.sin(n-v-l)(p+HV+l, v=1,2 ,..., n-2, 
with 
We will show that 
If 
z=reiq and H,_,=O. 
H, (0, v=l,2 ,,.., n-2. 
then 
hence 
v>n-2 
2 ’ 
(n-v-l)cp<a, 
sin(n-v-l)rp>O, 
(12) 
and it follows that 
H[.,q <H[.,L?~+~ -C . . . <H,-, <K-1 =O. 
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If 
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then 
Hence 
The half plane 
Imz” >O. 
is bounded by the straight line passing through the points {= 1 and l=z”-‘. 
It contains the upper half of the unit circle. Therefore 
Hence (12) holds. 
From (1) and (11) we conclude 
a, =o for v=1,2 ,..., n-2. 
Putting 
a() =r, u”_1=1-7, 
we see that 
O<T<l 
holds, and the theorem is proved. 
THEOREM 8. The points ZE MA with 
n 
77 277 
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which satisfy (10) with 0 g r G 1 are boundary points of Mh. 
Proof. For T=O and T= 1 the assertion is trivial. We therefore assume 
O<T<l 
and put 
z=reicp, r>O. 
From (10) and from the uniqueness of this representation, we have, in 
analogy to Theorem 2, 
n-2 
zn--l+ x +rz”=O. (13) 
v=o 
We will now prove the theorem by way of contradiction: Suppose z is not a 
boundary point of MA. Since ML is star-shaped with respect to the origin, 
there exists a complex number {, 
l=peicp, p>r, 
which belongs to ML. According to Theorem 2 
satisfying (3) such that 
n-2 
In-l+ z bJ’=o. 
v=o 
As in the proof of Theorem 4, we may conclude 
n-1-v 
b Y’ v=o, 1, 
there exist real numbers b, 
.., n-2. 
This contradicts (3) because of 
This proves Theorem 8. 
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THEOREM 9. The arc given by (10) has the direction 
eni/(n-l) 
at the origin. The angular region of Theorem 3, containing only one point 
(z= 1) of M,, is therefore maximal. 
Proof. A local uniformization of (13) at the origin is obtained in the 
simple way by putting 
For 
z=tw 
the equation for w reads 
wn-i+1+tw+tsws+ . . . +t”-2W”-2=0. 
In the neighborhood of the origin we arrive at 
z=teni/(“-l) +O(t2). 
We now make some remarks on the cases n=2,3,4,5,6,7. The first arc for 
n = 3 (cp. Theorem 8) has the parametric representation 
The arc connecting 
has the representation 
z3=(1-T)+Tz. (14) 
We observe a peculiarity (which appears in a similar way for any n) in the 
arcs ending at - 1. Equation (14) does not define a smooth curve. For 
O~~~~Eq.(14)describesthesegmentz=-~+iImz,0~Imz~~/2;for 
1 < T G 1 the point z travels through the segment z real, - 1 G z g - i. 4 
98 K. P. HADELER AND G. MEINARDUS 
The order n=4 is sufficiently high to demonstrate a general procedure: 
The point z# 1 is in MA if z4 is contained in the quadrangle spanned by 
1, z, z2, z3. If we keep q fixed and increase r from zero, then P, r3 increase. 
Thus the said quadrangle is expanding. The point z4 is also moving away 
from the origin on a ray. If for fixed cp the radius r is maximal (with respect to 
ZEMA), then z4 is on the boundary of the quadrangle, i.e. z4 is a convex 
combination of two of the values 1, z, z2, z3. One finds easily z4 = (1 -r)z3 +r 
for the first arc, z4 =rz+(l-T) between i and ei2n/3, and z4 =(l --7)z+rz2 
between ei2n/3 and - 1. 
The cases n=5 and 6 can be dealt with in a straightforward manner. We 
give the representations of the arcs for the intervals of (p/277: 
n=5 [+>+I z5=(1-qz4+7 
[d>il z5 =(l-7)trZ 
[:>$I z5 =(l-r)z+rza 
[f9$1 z5 =(l-r7)za+r 
r:,t1 z5=(1-7)f7z3 
n=6 [ih>iil z6=(1-T)z5+T 
[$>$I z6 =(1-r)-trz 
r:>a1 t6 =(l-T)t+r22 
ii781 z6 =(1-T)z2+rz3 
[3>91 z6 =(l-7)z3f7z 
[$>;I z6 =(l--7)z_trz4 
For n=7 for the first time some ambiguities arise, which occur more 
frequently for greater n: 
z’=(l-7)z6+7 
z’=(l-~)+rz 
z’=(l-r)Z+7za 
z’=(1-~)z2+7z3 
z’=(l--7)7?+7 
z7=(1-r)+& 
z’=(l-7)z4+%z2 
z’=(l-+a+7 
z’=(l-r)+& 
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For the intervals marked * at first glance there are two representations: 
When ‘p/2~ runs from 3 to +, then 4q/2m runs from 3 to 4 and 7q/2n from 
0 to j. Since r>r4, it would appear that along the boundary z7 is a convex 
combination of z1 and 1. But that would imply that z4 is a convex combina- 
tion of 1, z, .z2, z3, which cannot be, because e4ni/7 @M,. Thus z7 is a 
combination of z4 and 1. 
This last case exhibits the complexity of the problem and suggests 
applying methods from the theory of numbers. 
The following five pictures give the geometric shape of M, for n= 
3,4,5,6,7: 
Finally we would like to mention that the arc ending at z= - 1 bifurcates 
at a point 
x=--p,, O<p,<l. (15) 
This arc has the representation 
Zn=(l-r)+72”--2, n odd, 
(16) 
.z” =(l-r)z+rz”--2, n even. 
n=3 
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n=4 
n=5 
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n=6 
n=7 
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One finds easily [at the bifurcation point the polynomial (16) has a double 
root] that p,, is the unique real positive zero of the polynomial 
f,(x)=2x”+mx2-(m-2), (17) 
where m = n for n odd, and m = n - 1 for n even. 
The number p, goes to 1 for n+ CO; in fact 
l-p, -a/n 08) 
where a = 1.278.. . is the unique real solution of 
a=l+e-‘. 
The first exact values are 
pa =p4 =0.5, 
ps =p6 =0.722, 
p, =ps =0.806. 
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